We derive a BPS-like first order system of equations for a family of flat static domain walls (DWs) of dimensionally extended cubic Lovelock Gravity coupled to massive scalar selfinteracting matter. The explicit construction of such DWs is achieved by introducing of an appropriate matter superpotential. We further analyse the dependence of the geometric properties of the asymptotically AdS d space-times representing distinct DWs on the shape of the matter potential, on the values of the Lovelock couplings and on the scalar field boundary conditions. Few explicit examples of Lovelock DWs interpolating between AdS-type vacua of different cosmological constants are presented. In five dimensions our method provides interesting solutions of the Myers-Robinson Quasi-topological Gravity in the presence of matter important for the description of the specific renormalization group flows in its holographic dual four-dimensional CF T perturbed by relevant operators. . An important physical condition on the particular form of the actions of such generalizations of the Einstein Gravity is that the equations for a large class of solutions, as for example the
black holes and domain walls, as well as the ones for linear fluctuations of the metrics around such backgrounds, to be of second order [6] , [3] . As it is well known, this requirement can be (partially) achieved by selecting very specific combinations of the terms quadratic and cubic in R abcd , R ab and R of (quasi)topological nature, whose form is strongly dependent on the dimension of the space-time. The d > 4 cubic Quasi-Topological Gravity [7] , [10] represents the most physical higher order extended Gravity available in five dimensions. Let us mention few of its characteristic features: (a) It admits simple black hole solutions, (b) the linear fluctuations of the metrics around arbitrary background involve at most up to fourth order in the derivatives of the metrics, while the corresponding fluctuations around conformally flat solutions are of second order, (c) its black holes solutions provide dual description of a family of d = 4 (finite temperature) CFT's having the most general stress tensor 3-point function (with t 4 = 0 [2] , [8] , [9] , [11] , [12] ).
The present paper is devoted to the problem of the explicit construction of a family of static flat domain walls solutions (DWs) of the cubic Quasi-Topological Gravity coupled to massive scalar self-interacting matter in arbitrary d ≥ 3 dimensions. Similarly to the case of the AdS/CF T correspondence [13] involving only the Einstein Gravity with negative cosmological constant, such DWs solutions of the extended Lovelock Gravity are expected to describe the strong coupling behavior of certain zero temperature CFTs as well as the holographic renormalization group (RG) flows between different (d−1)-dimensional CFTs [9] , [23] , [25] . Our main result consists in the introduction of an appropriate matter superpotential that enable us to derive the specific BPS-like first order system of equations for the corresponding flat Lovelock DWs. They appear to be a natural generalization of the superpotential constructions for d ≥ 3 Gauss-Bonnet Gravity coupled to scalar matter, proposed in ref. [15] , following the idea of ref. [14] . We further analyze the geometric properties of the asymptotically AdS d space-times representing all the allowed regular and singular DWs as a function of the shape of the matter potential, of the values of the Lovelock couplings and of the scalar field boundary conditions. Few explicit examples of Lovelock DWs corresponding to particular simple choices of the superpotential are presented.
Superpotential for Lovelock Domain Walls
As in the case of Einstein Gravity coupled to scalar matter [16] , [17] , [28] all the static flat DWs solutions of the extended cubic Lovelock Gravity [7] are defined by the anzatz: 
Extended d ≥ 3 cubic Lovelock gravity II nd order equations
Let us start by reminding the well known fact that such DWs represent conformally flat metrics, i.e. their Weyl tensor is vanishing and therefore the corresponding Riemann tensor R µνρτ can be realised in terms of the Ricci tensor R µν ,the scalar curvature R and the metrics g µν only. As a consequence all the quadratic and cubic terms in the Quasi-topological Gravity action [7] containing different contractions of one,two or three Riemann tensors can be reduced to following set of five invariants: R 2 ,R µν R µν and R 3 , RR µν R µν ,R µν R µρ R µ ρ . Similarly to the pure Gauss-Bonnet case [14] , [15] , [27] we can use as a starting point of our derivation of the DWs equations the following effective (simplified) Lovelock-matter action (for all d ≥ 3):
where κ 2 =
G d is defining the Plank scale, the m 2 ∼ 1 L 2 is representing the new scale (related to the bare cosmological constant 5 ) specific for the "higher order" gravitational models [3] , while λ 0 and µ 0 denote the appropriately normalized dimensionless Gauss-Bonnet and Lovelock "gravitational" couplings. The free parameters γ d , α d and β d are further determined in App.A by the requirement that the equations derived from the above action (2.3) when written for flat DWs metrics (2.1) to become of second order : As expected the value of γ d coincides to the one that appears in the effective action for flat DWs of the pure Gauss-Bonnet Gravity and also in the dimensional extension of the New Massive Gravity (NMG) [15] ), while all the d = 3 parameters values α 3 = − 72 17 , β 3 = 64 17
are equal the coefficients of the cubic extension of the three dimensional NMG considered by Sinha [26] .
Instead of directly substituting the DW metrics (2.1) in the equations of motion derived from the action (2.3), we chose to work with the equivalent (but more efficient and rather economic) effective Lagrangian method 6 properly adapted to the case of "higher order derivatives" gravitational models in our App.A. It consists in the introduction of an arbitrary function f (y) (sort of "lapse") in the definition of the DWs metrics (2.1):
reflecting the freedom we have in choosing the DWs "radial" coordinate y. As it is shown in App.A., by substituting this "modified" DWs ansatz (2.5) in the action (2.3) and next by imposing the condition for eliminating all the higher derivatives terms we find the particular values (2.4) of the parameters γ d , α d and β d . As a result we derive the following action
where the "effective" DWs Lagrangian (modulo total derivatives) is given by:
The above "mechanical" system is indeed constrained since L eff does not depend on the f (y) derivatives and as a consequence the variation with respect to f (y) gives the constraint (2.9). The corresponding second order equations describing the Lovelock DWs (derived in App.A from the Lagrangian (2.6)) have the following compact and rather simple equivalent (to be compared with eqs.(A.5)) form:
7) 8) representing the matter and the scale factor equations, together with the "constraint" equa- 6 See for example refs. [21] , [28] for the case of DWs in Einstein gravity.
tion:
which can be identified as describing the "Hamiltonian" (i.e. of the y-momenta in our DWs case) constraint. Let us also mention that the DWs equations (2.7), (2.8) and (2.9) have been obtained from the effective Lagrangian by replacing in the final results our specific gauge fixing f (y) = e −(d−1)A(y) , thus reproducing the initial form (2.1) of the DWs metrics, as it is explained in App.A.
BPS-like first order DW's equations
We are interested in the explicit construction of Lovelock DWs solutions relating two
for a family of (say, polynomial) potentials V N (σ) with few isolated extrema σ *
As in the simplest case of the Einstein Gravity DWs (i.e. the λ 0 = 0 = µ 0 limit of (2.3)) the only available exact analytic DWs solutions can be obtained by the superpotential method [16] , [17] , [25] , i.e. by replacing the second order system (2.7), (2.8) and (2.9) with an equivalent first order system of BPS-like equations. In order to generalize the well known results concerning the Einstein [17] , [25] and Gauss-Bonnet (see sect.7 of [15] and ref. [14] ) superpotential constructions to the cubic Lovelock case, we first introduce an auxiliary function W (σ) of the matter field (called superpotential) such thatȦ = −κW (σ)/(d − 2). We next realize that the corresponding second order Lovelock DWs equations can be obtained from the following simple first order system:
(where we have denoted
, etc.) together with the relation between the matter potential and the superpotential:
representing the constraint eq. (2.9).
For each given superpotential W (σ) the solutions of the above first order system provide analytic DWs solutions of the cubic Lovelock Gravity coupled to scalar matter. For example in three dimensions these are the DWs solutions of the cubic NMG Sinha's model [26] . For d = 4 the GB-terms are indeed not present in the DWs equations (due to the fact that now χ 4 is a total derivative) and the cubic terms provide interesting new DWs solutions (and cosmological FRWs as well) containing Lovelock (µ-dependent) corrections to the well known Einstein Gravity static flat DWs and Friedmann-Robertson-Walker (FRW) flat cosmological solutions. Finally, for d ≥ 5,by construction, they represent the flat static DWs of the Quasitopological Gravity [7] , [10] coupled to scalar matter of potential V (σ).
It is worthwhile to mention that the reconstruction of the form of W (σ) for a given matter potential V (σ) by solving the non-linear first order eq. (2.11) is rather complicated problem and in general it provides more then one solutions of different (global) properties 7 . In the case of polynomial potentials V (σ), one can find simple (finite order) polynomial solutions for the superpotential W (σ) (by series expansion method), which turns out to imply however certain relations between the the matter potential couplings and the gravity couplings. For example, assuming that V and W are given by
, together with the explicit form of the Superpotential parameters ρ k as functions of all the couplings. Thus, besides the restrictions on its shape, reflecting the relations between the coefficients {g l }, the matter couplings {g l } must be related to the gravitational ones λ and µ in order to have consistent solutions of the constraint equation (2.11) and as a consequence well defined analytic Lovelock DWs. Four important remarks are now in order:
(1) Notice that once the relation betweenȦ(y) and the superpotential W (σ(y)) is assumed, the explicit form (2.10) of theσ in terms of W and its derivative dW dσ is a simple consequence of one of the second order eqs.(2.8) (whenσ = 0); (2) The second factor inσ equation, namely
could be easily recognized to coincide in the vacua case (i.e. without matter, see for example [7] , [8] ) as the coefficient of the "graviton's" kinetic terms, representing the contributions of the metrics fluctuations in the linearized (Gaussian) form of the Quasi-topological gravity action 8 ;
(3) Remembering that the explicit form of C 0 (W ) is very well known for all the dimen-7 see refs. [21] , [28] for illuminating discussion concerning the case of the Einstein (super) Gravity DWs 8 The C 0 (W ) factor turns out to be simply related for odd values of d to the coefficient c(σ) in front of the Weyl's tensor square appearing in the trace anomaly in certain "dual" (d − 1)-dimensional CF T and are known to play an important role in the description of RG flows [25] , as well as in the so called c/a-theorems [24] , [9] , [10] , [8] sionally extended Lovelock gravity (higher then cubic) [8] , [11] , [12] , [10] and also in the recent quartic generalizations of the Quasi-Topological gravity [32] , it becomes evident that the generalization of our cubic Lovelock first order system (2.10) as well as the Superpotential and the effective Lagrangian method to these models is rather straightforward. This fact suggests that the important problem concerning the explicit construction of of flat Domain Walls (and the related studies of c-theorems and RG flows) in a large family of generic extended Lovelock gravity coupled to matter matter, is now very well established and also not so much difficult to be realised.
(4) Let us also mention one more specific property of all the DWs solutions, based on the existence of first order BPS-like system (2.10), (and independently of the form of the superpotentials), namely that the action can be always written as a total derivative:
Although the above result does not take into account the contributions of the appropriate Gibbons-Hawking type of boundary terms (b.t.'s) (needed in order to make the variational problem for the considered cubic extended Lovelock gravity coupled to matter well defined 9 ), it is important to note that for odd d again, they are simply related to the another (universal) trace anomaly coefficient a(W ) [8] , [9] playing an important role in the "holographyc" calculations of entanglement entropies [31] , [36] . Note that similarly to the d = 3 New Massive Gravity case [15] , [37] the net effect of the boundary terms is in the changes of the overall numerical coefficient in front of the action, but not in the W-dependence of the a-anomaly. This suggests that in the considered flat DWs case the Lovelock DWs tensions [15] , [17] can be realised in terms of (difference between) the a-anomaly values of the boundary and horizon CFTs and vice versa.
Our final comment concerns the exact relation between the simplified cubic action (2.3), we have used in the derivation of the second order Lovelock DWs equations, and the original Myers-Robinson's Quasi-topological gravity action (see eq.(4.25) of [7] ):
Let us first remind the explicit forms of the Gauss-Bonnet χ 4 and Z d -invariants:
When written for an arbitrary conformally flat metrics:
(2.15) 
and the cosmological constant Λ is given by the vacuum value of our matter potential:
Notice that in six dimensions the cubic terms do not contribute to the DWs solutions, which now have the same form as in the pure GB gravity case, i.e. µ = 0 case, due to the well known fact that the cubic Lovelock invariants in d = 6 have the form of a total derivative. 
2 , as one can see from the expression for the curvature:
i.e. we get indeed R(σ *
2 . Evaluated at each of the vacua, the first term in the r.h.s. of eq. (2.11) vanishes and it takes the form of the following cubic "vacua" equation:
where we have introduced as in [7] the "bare"
The equation above shows that, for each one of these bare cosmological constants, we can find up to three different effective cosmological constants Λ k eff related to the "effective" radii L k .
Stability conditions
We are interested in those of the vacua of the gravity-matter model (2.14) that satisfy the following three conditions:
The first is h k > 0, or V (σ * k ) < 0, meaning that the related bare cosmological constant is always negative. It is usually imposed in order to have consistent (perturbatively stable) limits to the Einstein-Hilbert (EH) gravity of negative cosmological constant.
The second is the stability (causality/positive energy) requirement, selecting only those of the solutions f k > 0 of eq. (3.2) with
This condition thus excludes all the f k 's that lead to the wrong sign (i.e. "ghosts") of the graviton's kinetic terms in the corresponding "linearized" (Gaussian) form of the Quasi-topological Gravity action (2.14) 11 (as demonstrated in refs. [7] , [8] ).
The third is the well known Breitenlohner-Freedman (BF) unitarity condition [18] for 10 Each extremum h k of the matter potential V (σ) can be seen as a "bare" cosmological constant Λ
, appearing explicitly in the Lagrangian. 11 valid for d > 4 only. massive scalar field in AdS d background:
It also ensures the stability of the gravity-matter model vacua (σ * k , Λ k eff < 0) with respect now to the linear fluctuations of the scalar field, thus providing a consistent (positive norms, i.e unitarity) quantization of this scalar field on AdS d background of given Λ eff .
We next observe that according to eq. (2.10) and (2.11) the extrema of V (σ) are given by all the (real) solutions of the following equation:
where the first two factors are the same as that in theσ eq.(2.10), and the new one
is representing those of the V extrema that are not described by the I st order system. Therefore we have to distinguish the following three types of vacua (σ
(a) The first one is given by the extrema of the superpotential
12 giving rise to both positive ("physical") or negative ("ghost"-like) values of C 0 (f k );
(b) the vacua of second type (called topological ) are defined by the real solutions of the equation C 0 (f top ) = 0; (c) the third type of vacua are given by the solutions of the (non-linear) equation F (σ * k ) = 0 and they are not of BPS-type differently from the first two types of vacua defined above 13 .
There exist indications that such "non-supersymmetric" vacua are unstable (see refs. [28] , [16] , [21] ). They will appear however in our discussion of the implications of the "extended" BF-conditions (3.18) on the shape of the matter potential in Sect.4.4 (see Fig.2b ) below.
Hence an important consequence of the superpotential description (2.10) of the Quasitopological Gravity coupled to matter (valid for vacua and flat DWs only) is that one can always find an appropriated range of values of the gravitational couplings λ and µ (not both 12 Notice that the vacuum with W (σ * k ) = 0 represents a Minkowski space-time of Λ ef f = 0 and they are not further considered since we are interested here in the vacua of AdS-type only. 13 They are not representing in fact the vacua of the corresponding supergravity coupled to chiral matter models, which are in the origin of the Ist order equations as the conditions of the existence of constant Killing spinors (see for example [17] , [21] , [28] , [25]) negative), such that at least one of the vacua of the considered gravity-matter model (2.14) is of topological nature, i.e. with C 0 =0. The problem addressed in this section concerns the derivation of the complete set of conditions that single out the physical vacua (f k , C 0 (f k ) > 0) among all the AdS d -type extrema of V (σ), taking into account the fact that one or two of the vacua of the model (2.14) must be topological ones. Let us first demonstrate that the proper existence of topological vacua:
0,top present in the action (2.14); ii) it determines two particular families of models corresponding to specific relations between the Lovelock couplings λ e µ.
The Gauss-Bonnet-matter example. The description of the restrictions on the gravitational couplings, as well as those on the physical vacua scales, in the simpler GB case (i.e. µ = 0) consists in selecting the set of solutions f k of GB vacua equation (3.2): h = f (1 − λf ), that satisfy the stability condition C 0 = 1 − 2λf > 0. If λ < 0, no topological vacuum exists at all and as a consequence all the vacua are physical, i.e. h(f ), C 0 (f ) > 0. In the case λ > 0 we find that h(f ) > 0 held for 0 < f < 1/λ, while C 0 (f ) > 0 takes place for f < 1/2λ only. Hence the physical region is defined by 0 < f < 1/2λ and the (only) topological vacuum is given by f top = 1/2λ and h(f top ) = 1/4λ. Notice that f top is the boundary of the region of the physical vacua, i.e. one always has f phys < f top , and therefore f top ∼ L −2 top represents the smallest AdS d radius (scale). It is customary to make the normalization h(f max ) = 1, where f max is the greatest scale physical vacuum. This leads to the restriction 1/4λ = h(f top ) > 1, or λ < 1/4. However, one can make an alternative normalization h(f top ) = 1, which fixes λ = 1/4. With this normalization, there is an upper boundary to the physical bare cosmological constants: h(f phys ) < 1. Although apparently very distinct, both normalizations are in fact equivalent, since the term appearing in the Lagrangian, L 2 λ, is the same in both cases.
Classification of Lovelock-matter vacua
We next analyse the restrictions that the physical vacua of Quasi-topological Gravity coupled to matter (2.14) should satisfy. Now the "topological" vacua equation C 0 (f top ) = 0 is of second order and therefore its two solutions are given by:
The sign of the second derivative h ′′ (f ∓ ) shows that f + is a local maximum of h(f ), while f − is a local minimum 14 . By substituting (3.6) in eq. (3.2) we find the explicit form of the h ± top for the corresponding topological vacua
These equations can be further solved for the Lovelock coupling µ = µ(h ± , λ) as follows 15 :
thus defining for each fixed value of 0 < λ < 1/3 two different values µ ± (λ) whenever topological vacua do exist. One can easily verify that h − (µ − ) > 0 and h + (µ ± ) > 0 for all λ, which suggests that one can always choose the fundamental scale as
e. taking the smallest topological scale of the µ + model, and the largest one of the µ − model. Therefore, for each λ, there are two distinct gravitational models, corresponding to the two different forms of the Lovelock coupling µ as a function of λ: 8) and having equal fundamental scales. As expected, these are exactly the two curves µ − (λ) < µ + (λ) where two of the roots of the cubic "vacua" eq. (3.2) do coincide (see fig.1 of the Myers-Robinson paper [7] ). It can be also shown that µ − < 0 for all λ < 1/3, µ + > 0 for λ < 1/4, and µ + < 0 for 1/4 < λ < 1/3. At λ = 1/3 and µ = −1/27 both curves coincide and terminate, describing the degenerate case when all the three roots of vacua eq. (3.2) are equal. Let us also mention that the two particular cases λ = 1/4, µ + = 0 (which corresponds to GB gravity) and the usual EH gravity case with λ = 0, µ − = 0 in fact belongs to a different family of µ models: the µ + and the µ − respectively.
In order to make transparent the "physical" restrictions on the f k 's for each fixed value of λ < 1/3 (in both of the µ ± models), we represent all the vacua of the gravity-matter model (2.14) as a set of points (h k , f k ) on the h-f plane, belonging to one of the two cubic curves h(λ, µ ± ; f ).
Figure 1: The curves h(f ) for the models µ ± , after the normalization: (a) the case 8 27 < λ < . The red continues curves correspond to µ − models, while the black dashed ones -to the µ + models. The physical regions present in both curves are the thick ones.
The µ + model: It is clear that the physical regions for the model corresponding to the curve h(λ, µ + ; f ) ≡ h(f ) are limited by its extrema (corresponding to the topological vacua):
Notice that for λ < 1/4, the minimum is negative: f − < 0 and therefore the physical conditions h, C 0 > 0 are fulfilled only when 0 < f phys < f + (see Fig.1(b) ). This case is qualitatively similar to the physical region of GB gravity, i.e. we have only one topological
+ of the model. We next consider the interval 1/4 < λ < 8/27 where both f ± > 0, but now it turns out that h − is negative, thus violating the AdS condition: h > 0. It is nevertheless possible to construct stable, analytic DWs if the effective cosmological constant is greater than a certain value, i.e. f phys > f 0 , where
2 + is the greatest root of h(f ) = 0 equation. The typical GB-like physical region for 0 < f phys < f + is also present in this case.
Finally, in the last region 8/27 < λ < 1/3 we find that both f ± are positive, as well as both h ± . We realize that in the region between the two extrema f + < f phys < f − we always have C 0 < 0, i.e. all the vacua solutions belonging to this interval have to be excluded since they are "ghost"-like. As a consequence the physical region is divided into two subregions of qualitatively different types: one is the usual GB-like region given by 0 < f phys < f + , while the other one, f − < f phys , is of a new type, having no upper limit on the values of the effective cosmological constants (see Fig.1(a) ). In this case the topological vacua f − introduces a natural maximal scale L The µ − model: It is symbolically represented by the curve h(λ, µ − ; f ) ≡h(f ). It has a rather simpler vacua structure, similar to the one of the µ + model for 8/27 < λ < 1/3 described above, due to the fact that nowh − > 0 for all λ > 0. Its extrema have a slightly different form:h 12) and they indeed represent the limits of the corresponding physical regions (see Fig.1(a) ). Thus, its GB-like (i.e. minimal scale) physical region is given by 0 < f phys <f + , while in the regioñ f − < f phys the physical vacua scales are restricted by the corresponding
of the fundamental scale for the Quasi-Topological Gravity coupled to matter (2.14) is now in order. It is important to emphasize that although such choice is rather natural and general (in the cases when topological vacua do exist), we can equivalently use all the other bare or effective topological scales. For example, the minimal bare topological scale for the µ − model,L 2 0+ , can be easily rewritten asL 2 0+ =L 2 0− /h + withh + given by (3.11) . Similarly, each one of the effective scales, for example 
and all the other topological scales, both bare and effective, for µ + and µ − are easily found, making the chosen normalization equivalent to any other. Let us also mention that all the restrictions on the physical vacua we have derived in this section take a rather simple form when rewritten in terms of the corresponding effective scales. For example, in the GB-like regions, one has L 
Consequences of BF and unitarity conditions
In order to derive the additional restrictions on the physical vacua (and on the shapes of W (σ) and V (σ)) imposed by the BF-condition (3.4), it is convenient to rewrite the "effective" vacua scalar field masses m 2 σ (σ * k ) in the following suggestive form:
which is valid in the both cases of "physical" (or "ghost"-like) σ * k and for the topological σ we have introduced as new parameters the so called "critical exponents":
related (according to AdS/CF T correspondence [13] ) to the scaling dimensions:
of the "dual" fields Φ σ (x i ) in the corresponding CF T d−1 . It is worthwhile to mention that the parameters s ± k in fact determine the asymptotic behavior of the matter field σ(y) (see App. B for more details): The same arguments applied to the degenerate case s k = 0 of say two coinciding vacua, i.e when W ′ has double zero at some σ * k : to the standard Higgs-like superpotential ,are also admitting physical DWs but now in the regions of maximal scale (see Fig.1 ). Due to the reflection Z 2 -symmetry W (−σ) = W (σ) the above quartic W (σ) has an advantage to permit an easier integration (and a rather simple form) for the scale factor exp(2A(σ)) compared to the case of cubic superpotentials 16 . We can therefore restrict our analysis to the case σ > 0 only. The sign of BD is further determined by an extra condition W (σ) ≤ 0 we have imposed in order to ensure thatȦ(y) does not change it sign. This choice is fixing the horizon at y → −∞ and the the boundary to be at y → +∞, thus excluding all the cases of (a)AdS d spaces having two horizons or two boundaries.
Lovelock vacua for quartic Superpotential
The extrema of the superpotential for σ ≥ 0 (i.e. W ′ (σ) = 0) denoted by σ IR = 0 and σ UV = √ x 0 are candidates for representing the physical vacua. We next realize the W (σ) parameters in terms of the vacua scales 17 introduced in Sect.3:
where
Here L 2 is given by the normalization estab-
and therefore the sign of B determines which of the effective vacua radii (i.e. the scales L k ) f IR and f UV is the greatest one. Notice that the conditions on the f phys derived in Section 3, are now easily transformed in certain restrictions on the parameters of W (σ). For example, taking B > 0 and considering the µ + model in the GB-like region we find that
must be satisfied in order to have two physical vacua. Changing the sign of B < 0, i.e. for the case the standard "double-well" superpotential and considering now the µ − model in the region with a maximal scale we conclude that
is ensuring that the corresponding vacua σ IR and σ UV are both physical.
We next describe the properties and the conditions on the topological vacua for our quartic 16 The explicit constructions of Lovelock DWs for a family of quadratic superpotentials are presented in App.B bellow. However they are not providing an example for stable physical DWs, since as it turns out they are always relating either a physical vacua to the topological one or two topological vacua 17 in this section and in the App. B we are fixing for simplicity κ = 1.
superpotential, remembering that we can have only one such vacua for µ > 0, two for µ < 0 and 0 < λ < 1/3 and no one when both λ and µ are negative, as one can verify from its proper definition C 0 (W top ) = 0. Then the topological vacua σ ± top are given by all the real solutions of the following equation:
where we have used eqs.(4.1) and also the notation (W
The sign of the denominator is the sign of B, hence the conditions for the r.h.s. of the last equation to be positive are as follows : in the case B > 0 we have to impose f UV < f IR and f UV < f ± , while in the case B < 0 we get f IR < f UV and f UV > f ± . Then it is easy to show that if B > 0 the further restrictions take place f IR < f ± , and similarly for B < 0 we find that f ± < f IR . Notice that for B > 0 the proper existence of σ + top and/or σ − top determines the following order of the vacua of our quartic W : σ IR < σ UV < σ ± top , which makes possible the construction of a domain wall connecting the two physical vacua f IR and f UV (f IR > f UV ) that are now belonging to the same GB-like physical region. Instead, in the case of B < 0 they are both placed into the same maximal scale physical region (and now f IR > f UV ).
Properties of DWs solutions
The easiest way to solve the DW's I st order equations consists in first integrating the following "ratio" of eqs. (2.10):
i.e. to consider the matter field σ = σ(A) as a function of A. We have introduced the parameters σ 2 i ≡ u i + x 0 with u 1 = −u 2 = u + ; u 3 = −u 4 =ũ + ; u 5 = −u 6 = u − and u 7 = −u 8 =ũ − given by :
that are related to the positions of the "topological vacua", i.e. all the (real or/and complex numbers, depending on the values of λ and µ) algebraic solutions of eqs. (4.2) above. The result of the integration
provides a rather compact and suggestive form for the scale factor of the DW metrics (2.1) as a function of the matter field, with the following explicit values of the "critical exponents" s A (3.14):
; (4.5)
According to their definition, which we have introduced in Sect.3 for generic form of the superpotential, they are related to the effective vacua σ k masses m 2 (σ k ) and thus to the scaling dimensions ∆ k of certain "dual" conformal fields from the conjectured CF T d−1 's holographically "attached" to each one of the Lovelock vacua.
We next integrate the first equation in (2.10) in order to find y = y(σ). The integral is similar to the one above, giving
where y n.s. is an integration constant and
Together with eq. (4.4) it provides an implicit form for the scale factor e A(y) for a family of Lovelock DWs in the particular case of our quartic superpotential. Only for very special rational values of s k the eq. (4.9) becomes an algebraic polynomial equation in σ (with coefficients depending on y), whose roots give the explicit form of σ = σ(y). In this case, by simple substitution in (4.4) of these σ(y)'s one can derive the explicit form of e A(y) as well.
It is very important to comment here the fact that the above relatively implicit form (4.4), (4.9) of the DWs metrics reflects the specific (but quite natural) gauge fixing used in the particular form of our DWs anzatz (2.1), i.e. in choosing the "lapse" factor as g yy = 1. What is essential in the definition of the flat DWs (independently on the form of the gravitational action) is that it must have SO(d − 2, 1) ⋊ T d−1 symmetry, representing the Poincare group in (d − 1)−dimensions. Therefore we can chose as a "radial" coordinate an arbitrary function g(y). There exist, however, one very special (and extremely important for the AdS/CF T and the RG holographic flows applications) choice, namely to take the scalar field σ(y) as a new coordinate:
.
We have used eqs.(2.10) in order to realize the change of the "radial" variables y → σ from eq.(2.1) to eq.(4.10). Remembering that the DWs matter field σ represents the "running" (with the energy scale) coupling constant in the dual QF T d−1 [23] , [25] , it is not difficult to recognize that the "implicit" form of our DWs solution (4.4) is in fact related (proportional) to the "correlation length"
18 in the Wilson RG description of the corresponding dual QF T d−1 models [34] . It is worthwhile to stress here that the practical realization of such choice of the QF T d−1 coupling constant as radial (extra) coordinate, as well as the further explicit "reconstruction" of the (non-perturbative) beta-function of this QF T d−1 [25] , [9] is indeed impossible without the first order eqs.(2.10) and of the superpotential W (σ).
Notice that all the information about the dependence of the above DW solutions on the Lovelock couplings (λ and µ) is hidden in the explicit form of σ 
/3 for the case of µ + model, independently of whether or not we have topological vacua at the considered region, i.e. when one or both L ± are purely imaginary.
An important property of the DW solutions (4.4) and (4.9) is that they contain all the boundary data of the considered gravity-matter model. By construction the above solutions include all the information about the complete set of vacua (σ k , L k , s k ) (those with σ < 0 as well) that are representing boundaries or horizons of the corresponding (a)AdS d space-times depending on the signs of s k , as one can see by taking the "near-critical" limits of the scale factor
The horizons corresponds to s k < 0 due to the fact that in this case e 2A → 0 is not divergent, while for s k > 0 we have e 2A → ∞ and therefore such vacuum represent an AdS d boundary. Thus we can organize all the vacua positions σ k into a set of consecutive intervals (σ l , σ l+1 ), l = 1, 2, . . . and then each one of these intervals is corresponding to one particular different DW. Hence the complete set of DW's solutions exhausting all the admissible boundary conditions form, by construction, a finite "chain" of consecutive DW's with common boundaries and/or horizons. The individual members DW l,l+1 are selected by the "initial" (in y) values σ 0 = σ(0) (necessary to define one solution of eq.(4.9)) depending on which of the intervals it is belonging, i.e. σ 0 ∈ (σ l , σ l+1 ). Another remarkable property of the above DW's solution concerns its asymptotic behavior at σ → ±∞, namely e 2A → e 2A∞ = const. as a consequence of the even more remarkable fact: s −1
Notice that, due to the reflection symmetry of quartic superpotential, all the vacua (excepts σ IR = 0) are "doubled", i.e ±σ k and ±σ U V have equal critical exponents, which is explaining the presence of the extra factor 2 in a part of them. As one can easily verify from eq. (3.1), this limit corresponds to an infinite value of the curvature (although the scale factor is finite) representing a naked singularity (n.s.) at y n.s. (as it follows from eq.(4.9)). Such "singular domain walls" corresponding to "initial" condition σ 0 ∈ (σ l , ∞) are in fact present in very few of the cases analyzed in Sect.3.: those of λ and µ both negative (of no topological vacua at all) and under certain extra conditions in few cases corresponding to regions of "maximal" scale. Their importance in the description of certain massive phases (and massive directions of the RG flows) in the QF T d−1 dual to the gravity-matter models in the case of d = 3 New Massive Gravity was first demonstrated in refs. [15] and [33] .
The above discussion together with the classification of all the vacua presented in Sect. of the solution under the product symbol is nonsingular, i.e. there is no topological vacuum at all.
The next question is about the different types of boundary conditions, and hence concerns the particular form of the "DW's chains" admissible in each of the two types of physical regions, described above. First, we notice that independently on the region, the existence of f IR and f UV allows us to construct DWs interpolating between two AdS d vacua with different radii L IR and L UV and with critical exponents s IR and s UV of different signs. Therefore the sequence of DW's leads to the follwing "chain": 
Marginally degenerated DWs
The case when one of the s k is vanishing requires special attention. As we have shown at the end of Sect.3., it takes place when the corresponding extremum σ k of W is second (or higher) order zero of W ′ (σ), or in the case when one of the simple W extrema is coinciding with one or more of the topological vacua either when few of the topological vacua are colliding.
Then an important qualitative change in the asymptotic behavior of the scalar field and of the scale factor do occur. In order to demonstrate the nature of this phenomena, without introducing any essential changes in the structure of quartic superpotential (as for example when x 0 = 0, i.e σ U V = σ IR ) we consider few particular "critical" points in the parameter space: (i ) L + = L − = L CS of two coinciding topological vacua 20 , i.e. for λ = 1/3 and µ = −1/27, and (ii ) the case L U V = L + as well.
Consider first the case of two coincident topological vacua. The form of the scale factor can be obtained by taking the limit σ p → σ q , with p = 1, . . . , 4 and q = p + 4. It can be seen from (4.7), (4.8) that s p , s q → 0 and s p /s q < 0, thus in the vicinity of the vacua one can make the parametrization s p = −s q = η ε and σ 2 q − σ 2 p = ρε, being η and ρ independent parameters. It follows that, when ε → 0,
(4.11) 20 As it well known this special case of the extended cubic Lovelock gravity for d = 7 can be identified with the well known AdS-Chern-Simons [12] , [29] action (coupled to scalar matter) of fundamental scale L
and similarly for the other cases. Thus, we find that scale factor has the following form:
where we have written the topological vacua contributions explicitly as real numbers. Since s k = 0, the characterization of the vacuum as describing AdS d boundaries or/and horizons depends on whether σ approaches σ k from the right or from the left. For σ 2 it represents a horizon when is approaching from the right and a boundary if it approaches from the left, thus preserving the nature of the vacuum before the limit has been taken. Notice that we can not interpret these two DW's as forming a "chain" any more. Together with the changes in the scalar field asymptotic properties, the scale factor is representing now an essential singularity. It is expected that in the dual QF T d−1 these marginal critical points are describing certain infinite order phase transitions, similarly to the d = 3 case based on the New Massive Gravity (see ref. [33] ). Hence in the limit of two coinciding topological vacua and similarly in the cases when one physical and one or two topological vacua are colliding, the essential singularity is replacing two or more brunch-cuts of the scale factor, describing eventually the transformation of few second order phase transition points into one of infinite order.
Another interesting degenerated case is given by the limit when one physical vacua is approaching the topological one:
, and therefore it represents the limit between one physical and two topological vacua. Defining ε = (L U V /L + ) − 1, one finds σ
2 * )ε, s top = −2s U V and also that: where
Thus, the final form of the scale factor in this case is given by:
Notice that at this particular doubly degenerated L U V = L + point in the parameters space, the essential singularity exp(2A) ≈ exp( 2ζ * (σ 2 −x 0 ) 2 ) turns out to be "stronger" compared to the simpler degenerated case described by eq. (4.12).
BF restrictions on Gauss-Bonnet DWs
In order to analyse the effect of the BF-unitarity restrictions (3.18) on the shape of the superpotential (and of the V (σ) as well) we consider the particular limiting case λ = 1/4, µ + (λ) = 0 corresponding to GB gravity coupled to scalar matter with fundamental scale
. As we have shown in Sect.3. we have only one topological vacua (and no more L − scale is present), hence we have less roots of the topological vacua equation (4.2), namely σ i , i = 1, . . . , 4. The solution for the scale factor of this GB gravity coupled to matter can be found by taking the µ → 0 limit of the Lovelock DW's scale factor (4.4):
14)
We next consider the simplest "physical" case defined by the following restrictions on the scales: The same phenomena take place in the case of the Lovelock gravity coupled to matter. We leave the complete description of the consequences of the "stronger" BF condition in this case to our forthcoming paper devoted to the RG flows in the QF T 's duals to Quasi-Topological Gravity coupled to scalar matter.
Discussion
Using the effective Lagrangian method, we have obtained the second order field equations for DWs of the extended cubic Lovelock-matter gravity action in d dimensions. The way we have derived the corresponding I st order eqs. (2.10) by introducing an appropriate superpotential W , suggests that our cubic Lovelock results can be easily extended for generic Lovelock gravity coupled to matter, due to the fact that the main ingredient C 0 (W ) is already known for generic extended Lovelock Gravity models [12] , [9] . It is worthwhile to mention one interesting problem for further research that concerns the Supergravity origin of the first order system. Namely, its relation to the constant Killing spinor equations in the supersymmetric extensions of these Lovelock-matter gravity models (similarly to the well known case of Einstein-matter supergravity [17] , [16] ). Therefore what we need is an appropriate supersymmetric version of the Quasi-topological Gravity with chiral matter supermultiplets added, that is expected to reproduce the superpotential, its specific relation to the matter potential and the I st order equations (2.10) as well.
An important consequence of the explicit form of the first order equation for the matter field σ involving C 0 (W ) is that one can always find an appropriated range of values of the gravitational couplings λ and µ (not both negative), such that at least one of the vacua of the considered gravity-matter model (2.14) is of topological nature, i.e. with C 0 =0. As we have shown in Sect.3.2, the proper existence of topological vacua introduces natural smallest or largest AdS d scale(s) that can be chosen as a fundamental scale L 2 = L 2 0,top present in the action (2.14). It also determines two particular families of models corresponding to specific relations between the Lovelock couplings λ and µ. Further restrictions on the gravitational couplings and, by consequence, on the shapes of V and W , are found by imposing the stability (causality) C 0 > 0 and BF-unitarity conditions (3.18) that selects few "domains" of physical Lovelock-matter vacua.
The "chains" of physical and topological explicit DWs solutions, presented in Sect.4 for the case of quartic "double-well" superpotential, that interpolate between different extrema of the matter potential, are known to be the main tool in the investigation of the Renormalization Group flows [23] , [25] and of the phase transitions that take place in the conjectured holographic dual QF T d−1 [9] , [36] . As we have mentioned in Sect.4.2, the relatively implicit form (4.4) of the Lovelock DWs scale factor as a function of the scalar field σ represents one of the most important ingredients for the further analysis of the nature of the critical phenomena that occur in the corresponding QF T d−1 . The rather "natural" choice of the QF T 's coupling constant as the (extra) radial coordinate
of the dual (a)AdS d space-time (i.e.the Lovelock DWs geometry) provide in fact the "explicit" forms of all the important for the RG description quantities as for example: the "correlation length", the singular part of the reduced free energy, the β-function, etc. 22 . We have to remind once more the important role played by the first order eqs. (2.10) and of the superpotential W (σ) in the practical realization of the "off-critical" holography [23] , [25] , i.e. for the extracting of the off-critical properties of the dual QF T from the corresponding Domain Walls geometric data. All these results are particularly relevant for d = 5. In this case our Lovelock DWs constructions provide together with the explicit form of the beta-function, the two different conformal anomalies functions c(σ) = a(σ) as well [9] , [36] . Thus, the d = 5 cubic Lovelock DWs allows us to establish the conditions for the validity of the a/c-theorems in the case when both vacua (critical points) are physical, i.e. for their decreasing from the UV to IR scales (see for example Fig.2 for GB case). The complete discussion of the RG flows and a/c-theorems in the QF T 4 duals to d = 5 cubic Quasi-Topological Gravity coupled to scalar matter will be presented in our forthcoming paper [34] .
The methods we have used in the constructions of the Lovelock DWs in the particular examples of quadratic and quartic superpotentials are quite general. The same methods are perfectly working in the case of more complicated (non-polynomial) forms of the superpotential [37] , [25] as well as in the cases involving more then one scalar matter fields. For example, the flat Domain Walls of the particular "stringy induced" superpotential W (σ) = B cosh(κσ)[2δ − cosh(κσ)], turns out to share many of the properties of those of the "doublewell" superpotential described in Sect.4. It is also worthwhile to notice the relevance of the quadratic superpotential Lovelock DWs we have studied in App.B, reminding the well known and largely explored fact: namely, that an arbitrary superpotential (that has at least one extrema) can be approximated near to the boundary or/and horizon by such quadratic superpotential. Therefore our results provide the universal near-boundary form of the cubic Lovelock-matter model Domain walls for arbitrary superpotentials.
Our final comment is about the special d = 4 case, where no consistent analogue of the Quasi-Topological gravity is known. As we have shown in Sect.2, the "reduced" cubic Lovelock action (2.3) with particular choice (2.4) of the parameters: γ 4 = 1/3 and α 4 = −36/7 = −β 4 leads to second order DWs equations too. Evidently, all our discussions and DWs constructions take place in this d = 4 case as well. Their particular importance is however in the cubic Lovelock extensions of the cosmological models. As it well known any given AdS 4 DWs solution can be easily transformed into dS 4 FRW cosmological solution by "analytic" continuation. Thus, the standard physical DWs are giving rise to interesting bounce-like solutions, while the singular ones -to big-bang or big-crunch FRW solutions. It turns out that the cubic Lovelock gravitational interaction terms (for appropriate values of µ) are responsible for the few acceleration periods [35] that these Lovelock-FRW solutions do represent, without adding of any fluids with strange (ghost-like) stress tensors.
Appendices

A The effective Lagrangian Method
There are two distinct ways of deriving the equations of motion (2.7), (2.8) and (2.9). The standard one consists in the variation of the action (2.3) with respect to the metric (and w.r.t σ as well) and further by substituting the DWs anzatz (2.1) in these "higher" order differential equations. The second method, we have used, is known under the name "effective Lagrangian" method [21] .
We begin with the following modified (i.e. non-completely gauge fixed) ansatz (2.5) for the metrics:
with the presence of the arbitrary function f (y), thus leaving the "laps" factor g yy undetermined. Using this metric, we shall calculate all the curvature terms in the action (2.3). We find the following non-vanishing connections:
and further we substitute them in the expression for the curvature tensors components. After some lengthy calculations, we obtain
Substituting these values of α d , β d and γ d in all the curvature invariants we have calculated above, we find the following simple form of our effective Lagrangian (2.6):
together with some other terms which can be organized in a total derivative and hence they do not contribute to the equations of motion. In order to find the Lovelock DWs equations we treat this action as representing a mechanical system, and we further variate it (i.e. we derive the corresponding Lagrange's equations) with respect to the "generalized coordinates" 23 A, σ and f . The arbitrary function f appears as a Lagrange multiplier, and its variation indeed gives the constraint (2.9):
where we have finally set f (y) = e −(d−1)A(y) . We next deduce the Lagrange equations for the scale factor A and for the matter field σ which after the same "gauge" fixing of f (y) take the following simple form: : 
B Lovelock DWs for quadratic Superpotential
The quadratic superpotential provides only one candidate for physical vacuum, so it is impossible to construct a proper physical DW solution. It is still possible to construct DWs interpolating between the physical vacuum and a topological one, and such DWs will be the subject of this appendix. However there is one more important reason to study solutions for this type of superpotential: it is representing in fact the universal near-boundary behavior of an arbitrary superpotential in the vicinity of a vacuum (a), i.e. when W ′ (σ * k ) = 0 e W (σ * k ) = 0 (in the terminology adopted at Sect. 2):
In this approximation the scale factor is approaching the proper AdS one, i.e. A(y) ≈ y L
, and hence we realize that according to eq. (B.7) below, the scale factor takes the following simple form:
which leads us to the specific form of the matter field asymptotic: Again as in the case of quartic superpotential (see Sect.4.) due of Z 2 -symmetry, we shall restrict us to consider the case σ > 0 only. Analogously to the case of the Higgs-like superpotential, the sign of D is determined by the condition: W (σ) < 0 (Ȧ > 0) for all σ. Then the only physical vacuum is given by σ 0 = 0 and by denoting W 0 = W (σ 0 ) we find that
where L 2 is given by the normalization of Sect.3., i.e. L 2 = L 2 0+ =L 2 0− . Depending on the values of λ and µ, they might exists one, two or zero topological vacua (respectively, if µ > 0, µ < 0 and λ > 0, µ < 0 and λ < 0).
Writing the parameters of W (σ) in terms of f 0 , we find that the topological vacua equation takes the form: σ 6) which leads us to the conclusion that: (i ) if B > 0, then f 0 < f ± and (ii ) if B < 0, then f ± < f 0 . Therefore the condition of existence of a topological vacuum imposes that the (possibly) physical vacuum should be restricted to the regions where C 0 > 0.
The requirement that σ 0 is physical vacuum, leads to some additional constraints on D as well. Depending on the regions of λ and µ chosen we find that, for example, when 0 < λ < 1/4 and for the µ + model the following restriction
holds. By changing the sign of D and further considering the µ − model, we find that the condition that D must obey is given by:
The solution for the equations of motion can be found following the same steps as we did in the case of quartic superpotential. We first take the ratio of eqs. (2.10) which gives:
where the σ i denote the algebraic solutions of (B.6). After integration, this yields e A(σ) = e A∞ |σ| where the critical indexes (coinciding with(3.14)) are now given by As in the case of the quartic superpotential, one can show that again the "magic resonance" property s In the region µ > 0 of parameter space (where only L + is real) the singularities of the scale factor (B.7) are indeed placed at σ 0 and σ p , p = 1, 2. When µ < 0 and λ > 0 both topological scales L ± are real, and then all the σ i , i = 1, . . . , 4 represents "topological vacua" singularities. Finally for λ, µ < 0 both scales L ± are complex and the unique scale factor singularity is at σ 0 .
The possible types of DWs chains for the quadratic superpotential are more limited than for the quartic superpotential (largely discussed in Sect.4). Consider first the regions of parameter space when there is at least one topological vacuum. In this case, for GB-like physical regions (i.e. B > 0), due to the fact there is only one physical vacuum, the Lovelock DWs scale factor represents two type of DWs of common boundaries: (i ) of "phys-top" AdS d (σ 0 )/AdS d (σ top ) kind or (ii ) a particular M d (σ 0 )/AdS d (σ top ) "chain" when D = 0 (as we have explained in Sect3.2 we are not interested in). In the maximal scale region (i.e. B < 0) we have only one set of consistent b.c.'s representing two DWs forming again one AdS d (σ 0 )/AdS d (σ top ) "chain". In the regions of parameter space when there is no topological vacuum (i.e. for µ and λ both negatives), the only possibility represent a "singular" DW solution, interpolating between the physical vacuum σ 0 and a naked singularity.
When the two topological vacua coincide, i.e. when the curve h(f ) has an inflection point, the gravitational theory turns out to become equivalent to the (dimensionally extended) AdSChern-Simons gravity (see for example [29] , [12] ). This degeneration corresponds to the limit when L + = L − ≡ L CS , and therefore we can describe it by a procedure analogous to the one in Sect.4. Particularly, it can be seen from (B.7), (B.8) and (B.9) that taking s p , s q → 0 with s p /s q < 0, one finds
(B.10)
Due to the fact that such Lovelock DWs solution is "marginally" degenerated (i.e. critical exponent s = 0 corresponds to a marginal operator in the corresponding dual CF T d−1 ) again as in the case of the quartic superpotential the interpretation the vacuum as a boundary or a horizon depends on whether σ approaches σ i from the right or the left, being a border if approaching from the right and a horizon if approaching from the left, i.e. preserving the nature of the vacuum before the limit ε → 0 has been taken.
